A New Approach to Quantum Entanglement by Thermofield Dynamics by unknown
A New Approach to Quantum Entanglement by
Thermofield Dynamics
journal or
publication title
Hoshi journal of general education
number 32
page range 1-11
year 2014
URL http://id.nii.ac.jp/1240/00000370/
1A New Approach to Quantum Entanglement by Thermofield Dynamics
A New Approach to Quantum
Entanglement by Thermofield
Dynamics
Koichi Nakagawa
(Hoshi University, Tokyo 142-8501, Japan)
Abstract
   For the purpose of clarifying a new approach to understanding quan- 
tum entanglement using the thermofield dynamics, entanglement en- 
tropies of non-equilibrium finite-spin systems are examined for both 
traditional and extended cases.
 　Recently, a new approach to understanding quantum entanglement 
using the thermofield dynamics (TFD) [1–3] has been proposed in Ref. [4]. 
In this new treatment of the quantum entanglement with the use of TFD, 
extended density matrices have been formulated on the double Hilbert 
space (ordinary and tilde Hilbert spaces), and the entanglement states show 
a quantum-mechanically complicated behavior. The new method based 
on TFD makes it easy to understand the entanglement states, because the 
states in the tilde space of TFD play the role of tracers of the initial states. 
In the new analysis, a general formulation of the extended density matrices 
has been constructed and applied to some simple cases. Consequently, 
it has been found that the intrinsic quantum entanglement can be 
distinguished from the thermal fluctuations included in the definition of 
the ordinary quantum entanglement at finite temperatures. Based upon 
the analysis presented in Ref. [4], it has been argued that the new TFD-
based method is applicable not only to equilibrium states but also to non-
equilibrium states. However, analysis of the entanglement entropies of 
2non-equilibrium systems has not yet been built in Ref. [4]. It is current 
interest to examine the entanglement entropies of non-equilibrium 
systems with the use of TFD. In the present communication, therefore, the 
“extended” entanglement entropies of non-equilibrium spin systems are 
intensively investigated in both the dissipative and non-dissipative cases, 
based upon a TFD algorithm.
　 Let us consider the spin system described by the Hamiltonian
                                           (1)
incorpotating the spin operators  and  
of the subsystems A and B, respectively. The state  of the total system 
is then denoted by the direct product . Using the 
base , the matrix form of the Hamiltonian (1) 
is then expressed as
                        (2)
For the equilibrium states with Hamiltonian of Eq. (2), the ordinary density 
matrix  of this system can be obtained as
           (3)
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where  is the inverse temperature and the partition function  is 
defined as
                 (4)
 　Let us turn our attention to a non-equilibrium system with dissipation 
which is described by the Hamiltonian in Eq. (2). The time dependence of 
the ordinary density matrix  of this system is given by the dissipative 
von Neumann equation [5, 6]
                           (5)
where  is a dissipation parameter. The solution of Eq. (5) is expressed as
                          (6)
for any initial value of , where the unitary operator  denotes
                (7)
and  Because the explicit expression of  in Eq. (6) is 
complicated for any initial condition, hereafter, let us confine ourselves to 
the initial condition  Inserting Eqs. (3), (7) and the initial 
condition into Eq. (6), we then obtain
4 
(8)
 　The ordinary entanglement entropy  is defined by
                     (9)
in general, where  and  represent traces over the variables of the 
subsystems A and B, respectively. Insertion of Eq. (8) into Eq. (9) yields
    (10)
and
 
                (11)
As can be seen from Eq. (11),  converges to the constant 
 　We are now in a position to investigate the extended density matrix  
in the double Hilbert space of the TFD.  has been defined in Ref. [4] as 
follows:
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              (12)
using the ordinary density matrix  in Eq. (6), where  is the 
orthogonal complete set in the original Hilbert space and  is the same 
set in the tilde Hilbert space of the TFD [7, 8]. If entanglement subsystems 
A and B are being examined, each of  and  states are represented as 
the direct products  and  respectively. 
Moreover, it has been proven in Ref. [4] that if the square-root density 
matrix  is written using the matrix elements  as
 
               (13)
the renormalized extended density matrix  is then expressed as
 
            (14)
where
 
                    (15)
In accordance with Eqs. (13), (14) and (15), if the square-root density 
matrix  in Eq. (12) is paraphrased into
6              (16)
we are then led to the renormalized extended density matrix  as
                   (17)
where
 
(18)
 (19)
(20)
and
            (21)
Here, the matrix elements  and  are respectively obtained 
as analytic functions of  and  and correspond to the two diagonal 
com-ponents (d1 and d2), the classical fluctuations (cf ) and the quantum 
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entanglements (qe) of  respectively. As the variables of the spin B 
are traced out, the states in Eq. (17) express the variables of the spin A. 
For example, the first state symbol  in Eq. (17) means that 
the spin A takes the up state in both the original and tilde spaces. The 
second state symbols  and  mean the classical 
fluctuations. That is, the original state  is combined with the same 
type of tilde state  These classical fluctuations are caused by the 
thermal fluctuations and ap-pear even in such classical systems as the Ising 
model, the classical ideal gas, and the Debye model. On the other hand, 
the symbol means that the spin A takes the state  in 
the original space different from the state  in the tilde space. Then 
the parameter  expresses the effect of “quantum entanglement”. This 
quantum fluctuation appears only in quantum systems, and it has been used 
as an order parameter of quantum systems at zero temperature [9–14]. The 
time dependences of the parameter  in several cases are shown in Figs. 
1-4. As can evidently be seen from Eq. (17), only the intrinsic quantum 
entanglement is extracted clearly in the TFD formulation. Especially, it 
can be understood that the entangled state of the system emerges through 
such a single product as  in the extended density matrix 
 　The “extended” entanglement entropy is defined as
                                    (22)
by using the renormalized extended density matrix  in Eq. (14) [4]. 
Inser-tion of Eq. (17) into Eq. (22) eventually yields
 
     (23)
The “extended” entanglement entropy  of this system is also analytic 
func- tions of  and , however, is too complicated. So, we show 
the numercal behaviours of ,  and  for a few cases in Figs. 1-3 (in 
8Figure 1: Time dependence of the entropies ,  and the parameter  in the 
dissipative system with the scaled dissipation rate  and the scaled 
temperature .
Figure 2: Time dependence of the entropies ,  and the parameter  in the 
dissipative system with the scaled dissipation rate  and the scaled 
temperature .
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Figure 4: Time dependence of the entropies ,  and the parameter  in the non-
dissipative system  with the scaled temperature .
Figure 3: Time dependence of the entropies ,  and the parameter  in the 
dissipative system with the scaled dissipation rate  and the scaled 
temperature .
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units of  = 1). As can be seen from Figs. 1-3, ,  and  converge to 
finite values at  respectively. As a consequence, the traditional 
entanglement entropy  becomes larger than the extended entanglement 
entropy  at 
For non-dissipative systems,  in Eq. (23) reduces to
 
          (24)
at . The time dependence of  at  is shown in Fig. 4. As can 
evidently be seen from Fig. 4, all the curves ,  and  showing the 
entanglement have the same phase, however, their amplitudes differ.  is 
larger than . This result in Eq. (24) is different from that of Ref. [4]. It 
seems that they have made a mistake in counting the non-zero eigenvalues 
of  in Ref. [4].
 　In this communication, we have examined the extended entanglement 
entropies of non-equilibrium spin systems in both the dissipative and 
non-dissipative cases, based upon the TFD formulation. The extended 
entanglement entropy  is derived using the extended density matrix 
 and it is compared to the traditional entanglement entropy  and the 
pareameter  in . These results are summarized in Figs. 1-4 and show 
that the condition yielding the maximum entangled state can be obtained 
using these three quantities. However, the amplitudes of ,  and  differ, 
and it seems that  in  may be a useful parameter to study the quantum 
entanglement, because it does not require the non-linear calculations such 
as logarithms.
 　It may be apparent that the new TFD-based method enables us to 
clearly distinguish between the various states of quantum systems. The 
parameters  and  correspond to the classical state, while  and  
correspond to the fluctuations from the thermal (but classical) fluctuations 
and to the fluctuations from the quantum entanglement, respectively.
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